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procedure can be used to transform model (1) into the decomposed
real modal space as

xc(t) = Acxc(t) + Bcu(t)

xr(t) = Arxr(t) + Bru(t)

where

Ac = di

Ar = di

Bc = [

,...
Br

xc(0) = xc() (3a)

jcr(0) - jcr0 (3b)

r(0 (3c)

Introduction

FLEXIBLE structures are often described by distributed-
parameter models and so are essentially infinite dimensional.

For practical considerations, these models are often truncated, and
only some of the low-frequency approximated modes are retained
for control designs and simulation analyses. However, these modal
truncations may lead to control and observation spillover that can
destabilize one or more of the poorly damped modes. The problem
of spillover suppression to avoid instability has been suggested in the
literature using positive real controllers.1"3 In this Note, the residual
mode (pole) shifts that will not be brought into the right-half plane
due to structure control interaction is estimated by linking the small
perturbation analysis to the robustness tests. It is shown that the de-
rived results are consistent with the positive real control approaches.

Flexible-Structure Control System
Consider flexible structures described by the linear evolution

equation

x(G)=xQ (la)

y(t) = Cx(t)

where A is a closed, unbounded, linear differential operator in
Hilbert space and

Bu(t) = y ( t ) =

with ( -, • } indicating the inner product on the Hilbert space. For
simplicity of exposition, let {A,/}/^i be the simple eigenvalues of A,
their corresponding normalized eigenvectors denoted by {</>/}^r In
addition, {Vr/}/^i are the corresponding normalized eigenvectors of
A* (i.e., the self-adjoint operator of A). The biorthogonal pair of
eigenvectors are normalized so that

and

Ax =

(2a)

(2b)

Here, A has only finitely many eigenvalues to the right of Re(A.) >
—8 for 8 > 0 . We also arrange the simple eigenvalues in an increas-
ing order, 0 < |A.i| < |A.2| < • • • . The standard modal expansion
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with xc(t) and xr (t) being the controlled and residual states, respec-
tively.

A general observer-based controller designed on the basis of the
controlled model is given as

i,(0 - AcJcc(0 + Bcu(t) + K[y(t) - Ccxc(t)] Jcc(0) - 0 (4a)

ii(0 = -GJcc(0 (4b)

where G e 7lmxn and K e Knxq are, respectively, the control and
observer gain matrices. Combining Eqs. (3) and (4), the composite
closed-loop system can be expressed in the augmented matrix form

'AC-BCG -BCG 0
0 Ac - KCC KCr

-BrG -BrG Ar xr(t)
(5)

Stability Criteria
For the actual closed-loop system (5), the following theorem gives

a criterion that can be used to justify the closed-loop stability.
Theorem. If G and K are designed so that Ag = Ac — BCG and

Ae = Ac — KCC are stable matrices and Ar is stable, the closed-loop
flexible control system (5) will also be stable if and only if

det{7, + A#r(j)n(j)} ^ 0 Vs e C+ (6)

where C+ = {s e C: Re(j) > 0}, det(-) indicates the matrix deter-
minant, and

- G(sln -

Proof. The closed-loop characteristic equation can be obtained
by expanding the following determinant equalities:

det
sI2n — H\\ : —H\2

_ -#21 : 5/00-A, _

= detCs/2n — HH) det [5/00 — Ar — H2\(sI2n —

= det[<D(5)]det 1 /oo - (sloe - Ar)-lBr[-G -G]

-Hurl\ ^ |CrlL^J J



634 J. GUIDANCE, VOL. 18, NO. 3: ENGINEERING NOTES

where

-BCG 1
•c-KCc\

-BrG]

A, - BCG
0 A,

and det[<2>(.s)] = det(s/2n — //n) det^/oo — Ar). Clearly, the closed-
loop stability would be ensured if and only if Eq. (6) is satisfied.

In Eq. (6), A#r (s) can be viewed as the total spillover that corre-
sponds, in an abstract sense, to control and observation spillover for
various time-domain approaches.4"6 This frequency -dependent per-
turbation combines the two spillover terms and produces an equiv-
alent destabilizing effect to the nominal design model.

Spillover Effect and Perturbation Analysis
The stability results derived in the literature4"8 on the basis of un-

structured uncertainty assumptions are sufficient but not necessary.
Since norm bounds were used, for certain cases, these results tend
to be conservative from a practical viewpoint. In the following, the
trend on pole shifts of the perturbed eigenvalues will be analyzed
without direct application of norm inequalities. The designed pole
shifts should be of less concern if A(A5) and A(Ae) have been de-
signed to achieve large margins of stability. Thus only the trend of
the residual pole shifts needs to be discussed.

From Theorem 1 , we know that the closed-loop system will be
stabilized if and only if the matrix function Iq + &Hr(s)\\(s) is
invertible for all s € C+ . Based on this observation, verifying closed-
loop stability is equivalent to checking the root distribution of the
following characteristic equation:

- 0 (7)

where the total spillover term can be expanded as

in which bT
ri = B*^ and c r / = C$/ are, respectively, the row

and the column vectors of Br and Cr. The polynomial </>c\(s) can be
further expressed in the form

(8)

Now consider the spillover effect on the residual poles A / , / =
n +1, n+2,.... Unless all structural modes are severely overlapped
and the perturbation of the high-frequency residual modes resulting
from feedback is large, the perturbed eigenvalues ak = Xk + 5A*,
k — n + 1, n + 2 , . . . , of the residual modes can be assumed to
be close to the nominal eigenvalues A.*, i.e., 8Xk are small values.
Note that a weak coupling condition can be achieved through proper
actuator and sensor placement and by shifting eigenvalues of X(AS)
and A(Ae) away from those of the residual operator Ar by means
of feedback control. Furthermore crjbft are small for high-order
modes. Under this situation, ^(o*) with ak being the perturbed
pole location can be approximated by

0 = <D c l (cr*)^det l 7 9 -

This gives
(9)

(10)

To obtain a simplified expression that allows quick estimation of o*,
we take the first-order expansion for O (or*) in Eq. (10) about A* and
perform a simple algebraic rearrangement to get

Since n(s) is strictly proper, we have, at least, U'(s) = O(l/s2).
Thus, for the high-order residual modes we can obtain an approxi-
mate eigenvalue perturbation as

This expression contains readily available quantities and yields
quick estimates of the spillover effect. The perturbed eigenvalue
ak can now be estimated as

o> = A* -bT
rkU(Xk)cr,k (12)

The term ak would be an adequate approximation of the residual
poles if structural modes are not strongly overlapped. It is also known
that bk and ck tend to decrease as k increases for most flexible struc-
tures, and the control/observer gains G and K are always designed
so that Yl(s) exhibits a low-pass property [since the poles of Yl(s)
areA(Ag)UA(A e)] ; also n(s) is strictly proper, i.e., Ft (A*) -» Ofor
k -> oo. These properties together result in crk -* Xk f o r k -> oo.
That is, the high-order residual modes will not be contaminated by
spillover. Thus, concerning the investigation for loop stability, it is
worthwhile to analyze Eq. (12) for a few modes that are the nearest
ones to the controlled modes because these modes are more sensitive
to the spillover effect. In addition, one may use Eq. (12) to justify
whether the selected control/observer gains G and K constitute a
robust design.

It is also interesting to investigate the residual pole shifts for sys-
tems containing collocated actuators and sensors. For this purpose,
let the controlled plant (3) be square. Furthermore, we consider the
situation where the residual poles lie near the imaginary axis, i.e.,
Re(A/) —> 0 for i = n + 1, n + 2 , . . . . Note that this always occurs
for a large flexible structure including a very small uniform modal
damping or a constant viscous-type damping.

To investigate further, we need the following definitions and re-
lated properties for the real positivity of a matrix H(s) of real rational
functions of the complex variable s = a + jco.

Definition.1'9 An m x m matrix H(s) of real rational functions
is said to be positive real (PR) if following hold:

PI) The matrix H (s) has elements that are analytic for Re(5) > 0.
P2) The poles of H (s) on the jo) axis are simple and the associated

residues are positive semidefinite.
P3) For all a) e K for which s = joo is not a pole of any element

of H ( s ) , the matrix H(jco) + H*(jc0) > 0.
The above properties P2 and P3 can be replaced by the following:
P4)ThematrixH(s)+HT(s*) > OVRe(s) > Owiths = a+jco.
Here, H(s) is termed strictly positive real (SPR) if the following

hold:
SP1) The matrix H(s) has elements that are analytic for

Re(j) > 0.
SP2) The matrix H(jco) + H*(ja>) > 0 V CD e n.
Lemma.9'10

1) A system obtained by the parallel combination of two PR
subsystems is also PR.

2) If H(s) is a PR transfer matrix, then H~l (s) is also PR.
Note that in Popov's notation, positive realness is equivalent to hy-
perstability. Since an SPR matrix is also a PR matrix, results of this
lemma can be used for SPR matrices as well.

Since the controlled plant (3) is assumed to be square, i.e., m = q,
letting cftk = brtk in Eq. (12), a* now becomes

That is,

Re(o>) -

(13)

(14)

For the lightly damped flexible structures with Re (A*) -> 0, k =
w + l , w + 2 , . . . , w e may consider the effect of the imaginary part
of A* alone, and the shift of the real part of ak in Eq. (14) will not
be positive if

Since U(s) = O(G, K, s), it is obvious from Definition P3 that if
the control/observer gains G and K are designed so that Yl(s) is
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PR, then inequality (15) will be satisfied, and the perturbed residual
eigenvalues can never be brought into the right-half plane.

For the case where the Re(A.*) are not sufficiently small but saiisfy-

we can change the complex variable s to be s = p + n, where
p e C, n = max{Re[A,(Ag) U A,(Ae)]}, and express Yl(s) as

Since fi(/?) is analytic for all Re(p) > 0, using Definition P4,
we see that the shift of Eq. (12) will be nonpositive if fi(/?) is
PR, i.e.,

ft(/?) + n*(p) > o o

For a flexible- structure system described in the form of transfer
matrices (i.e., I/O description), it is well known that if a controlled
flexible system is PR (respectively, SPR), then an SPR (respectively,
PR) compensator will stabilize the closed-loop system despite the
existence of spillover. l Suppose the controlled flexible system is PR.
We now show that an SPR compensator implies the strictly positive
realness of Yl(s). First note that the compensator transfer matrix of
Eq. (4) is given by

<t>c(s) = G(sln - Ac + BCG + KCC)~1K

and the controlled dynamics is
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Regulation of Single-Link
Flexible Manipulator Involving

Large Elastic Deflections

By the definition of U(s) in Eq. (6), we obtain, successively,

nco
- G(sln-Ac + BcG)-l(sIn - Ac)(sln - Ac + KCC)~1K

= G{sln - Ac + BCG + KCC + KCc(sIn - ACY1BCG}~

= G(sln - Ac + BCG + KCcTl{ln ~ K[ln + Cc(sln -

x BcG(sIn - AC+BCG + KCcrlK\~lCc(sIn - Ac)~l

x BcG(sIn - Ac + BCG + KCc)~l}K

= G(sln - A, + BCG + KCcrlK\In - [ln + Cc(sln -

x BcG(sIn - Ac + BCG + KCcylK]~l

x Cc(sln - Acr1BcG(sIn - Ac + BCG + KCCT1K

+ Cc(sIn-AcrlBc} (16)

The matrix inversion formula has been used in the third step above.
From Lemma 1, we know that an SPR transfer matrix 4>c(s) implies
the strictly positive realness of 0"1 (s). Since </>p(s) is assumed to be
PR, based on the basic properties of the parallel combination of the
PR blocks (/>~l(s) and <t>p(s), we may then conclude from Lemma
1 and Eq. (16) that U(s) is SPR. This implies the shifts of Re(o*),
k — n + \, n + 2, . . . , in Eq. (14) would not be positive. Also
note that if </>p(s) is SPR, then a PR transfer matrix (/>c(s) implies
the strictly positive realness of i~I(s) and the shifts of residual poles
could still be nonpositive.

Conclusions
In this Note, we have investigated residual pole shifts of a class of

flexible structures under low-order observer-based control. Permis-
sible magnitudes of residual pole shifts that ensure residual poles
retained in the open left-half plant given that the closed-loop is sta-
ble have been presented. It was shown that the derived results are
consistent with the positive real control approaches.

King Yuan*
National Taiwan University,
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I. Introduction

T HE control of single-link flexible manipulators has been widely
studied in the literature. A vast majority of these studies (too

numerious to mention) have designed controllers based on truncated
finite-dimensional models. Only in a few related papers1"7 has there
been construction of controllers making direct use of distributed
parameter models. However, the small-deflection assumption has
been invoked in nearly all these studies (using either truncated finite-
dimensional models or infinite-dimensional models).

In this Note, the rest-to-rest maneuver of a horizontally slew
torque-driven beam undergoing geometrically exact elastic deflec-
tions is considered. The equations of motion for a hub-beam system
are derived first. Instead of the approach8'9 employing Hamilton's
principle, this derivation uses Newton's second law for the sake of
retaining the simple physical structure of the problem. Then a sim-
ple linear feedback law using only the joint torque is obtained via a
Lyapunov-type method. In deriving the feedback law, neither model
truncation nor small deflection assumption is imposed. A proof of
globally asymptotic stability of the closed-loop system is presented.
A similar problem was considered in Ref. 9, but no formal proof of
asymptotic stability was provided.

We emphasize that 1) to admit large elastic deflections removes
the speed and acceleration limitations imposed by the small-def-
lection assumption, 2) to adopt the distributed parameter modeling
eliminates the truncation error caused by model simplification, and
3) to employ the geometrically exact description implies that no
error in kinematics of elastic deformation is involved.

II. Equations of Motion
The horizontal slewing beam in the undeformed state depicted in

Fig. 1 of length L, area moment of inertia /, cross-sectional area
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